We study Lipschitz mappings defined on an H n -rectifiable metric space with values in an arbitrary metric space. We find necessary and sufficient conditions on the image and the preimage of a mapping for the validity of the coarea formula. As a consequence, we prove the coarea formula for some classes of mappings with H k -σ -finite image. We also obtain a metric analog of the Implicit Function Theorem. All these results are extended to large classes of mappings with values in a metric space, including Sobolev mappings and BV-mappings.
Introduction
It is well known that, for C 1 -mappings ϕ : R n → R k , n k, the Implicit Function Theorem and the coarea formula
where U ⊂ R n is an open set, hold. This formula was first stated in 1950 by A.S. Kronrod [18] in a special case of ϕ : R 2 → R. Later, in 1959, H. Federer [7] generalized it to Lipschitz mappings of Riemannian manifolds, and in 1969 this result was extended to Lipschitz mappings of rectifiable sets of Euclidean spaces [8] . Results on the coarea formula can also be found in [6, 9, 19] . In 1978, M. Ohtsuka proved the coarea formula in the case of ϕ ∈ Lip(R n , R m ), n, m k, when the image ϕ(R n ) is H k -σ -finite [24] . An infinite-dimensional analog of the coarea formula was proved by H. Airault and P. Malliavin in 1988 [1] for the case of Wiener spaces. This result can be found in the book [20] .
The generalization of the Implicit Function Theorem to Lipschitz mappings asserts [8] (see also [11] ) that the preimage ϕ −1 (z) of H k -almost every z ∈ R k is an H n−k -rectifiable set. Note that the statement about the preimage of a point can be derived from the coarea formula for Lipschitz mappings. Recall that a subset A ⊂ X of a metric space X is H l -rectifiable if there exists an at most countable collection of Lipschitz mappings α i defined on measurable sets A i ⊂ R l such that H l (A \ i∈N α i (A i )) = 0.
In 2000-2003, some coarea properties and level sets of Sobolev mappings were studied in [11, [21] [22] [23] .
In 2000, L. Ambrosio and B. Kirchheim [3] proved an analog of coarea formula for Lipschitz mappings defined on H n -rectifiable metric space with values in R k . The main contribution of these authors is the linearization of a pure metric problem.
Using the methods of [28] , in [15] we prove the coarea formula under different assumptions, namely, when a Lipschitz mapping ϕ is defined on a measurable set E ⊂ R n and takes values in an H k -rectifiable metric space X, n k,
as z, y → x, where z, y ∈ E. The seminorm L(x) is called the metric differential, or the mdifferential of the mapping ϕ at the point x and is denoted by MD(ϕ, x).
Notice that in (1.2) the dimension of a kernel of the m-differential is at least n − k on E almost everywhere. The m-coarea factor is defined in [12, 15] 
for all z ∈ X and H k (ϕ(Z 1 )) = 0.
Theorem 1.4 (The coarea formula for mappings with H k -σ -finite image). Assume that (Y, d Y )
is an H n -rectifiable metric space, X is an arbitrary metric space, and ϕ ∈ Lip(Y, X). In this case, the coarea formula is of the following type:
Remark 1.8. Theorem 1.4 can be interpreted as a generalization of a result of [24] .
In Sections 2-6, we consider a Lipschitz mapping ϕ defined on a measurable subset of E ⊂ R n , and in Section 7, we generalize our results to mappings defined on H n -rectifiable metric spaces.
The main result of the paper and a sketch of its proof was published in [14] .
2.
H n−k -rectifiability of the preimage of a point Definition 2.1. A metric space X is called H k -rectifiable if there exists an at most countable collection of Lipschitz mappings α i :
Definition 2.2. (See [13] .) A point x ∈ E is called a linear density point in a direction u, where u ∈ S n−1 , if x is a density point of the set E ∩ (x + Ru).
Henceforth, denote by U a countable dense set on S n−1 .
Theorem 2.3 (The Preimage-of-a-Point Theorem: Regular case).
Suppose that E is a measurable set in R n , X is a metric space, and ϕ ∈ Lip(E, X). Assume that:
(1) E ⊂ E is a compact set and every point x ∈ E is a linear density point of the set E in all directions u m ∈ U ; (2) ϕ is m-differentiable at every x ∈ E;
to the unity on E.
Then each set ϕ −1 (z) ∩ E is a subset of the union of countably many images of measurable subsets of R n−k under Lipschitz mappings for all z ∈ X. In particular, it is H n−k -rectifiable.
Proof. I. Observe that, for each fixed u ∈ S n−1 , the m-differential MD(ϕ, x)(u) is uniformly continuous on x, since E is the compact set.
III. Similar arguments show that, for all x ∈ E, the "difference quotients" d X (ϕ(x + ru), ϕ(x))/r, converge uniformly on E to the metric differential MD(ϕ, x)(u) uniformly in u ∈ S n−1 . Fix ε > 0 and consider a subset {u m } M 1 ⊂ U such that, for each u ∈ S n−1 , there exists u l ∈ {u m } M 1 such that |u − u l | < ε 5 Lip(ϕ) . Condition (4) implies that, for each u l , there exists r l > 0 such that if r < r l and x + ru l ∈ E, then the relation
holds for all x ∈ E. Next, it follows from condition (6) that there exists ρ l > 0 such that
By choice of r 0 we have that, for each r > 0, r < r 0 , there exists r > 0 such that x + r u l ∈ E and |r − r | < εr 20 Lip(ϕ) for all x ∈ E. Hence, for r < r 0 and x + ru ∈ E, we have
IV. Consider z ∈ X and the level set ϕ −1 (z). Assume that it is not empty and fix x ∈ ϕ −1 (z). Item II implies that for each set ((ker (MD(ϕ, x) (MD(ϕ, x) )) ⊥ ∩ S k−1 and y 0 ∈ B(x, r) ∩ E on which MD(ϕ, y)(u) takes the minimal value c. Choose r > 0, r < r 0 , so that c is positive (the existence of such r > 0 follows from what has been said above). Moreover, fix 0 < 2ρ < r so that inequality (2.1) holds for ε < c/2. Denote L k = (ker (MD(ϕ, x) )) ⊥ and consider the correspondence ψ defined as follows:
Note that the restriction ψ on the set B n−k is a mapping. Indeed, suppose that there are two different points w 1 = w 2 in the image ψ(y) of some point y, |w 1 − w 2 | < 2ρ and
The so-obtained contradiction shows that the restriction ψ| B n−k is a mapping. V. To simplify the notations, we assume from now on that x = 0. Consider the mapping
The definition of π implies that it is a Lipschitz mapping. Show that there exists α > 0 such that
Consider ε < min{ (MD(ϕ, 0) 
From (2.1) and the equality ϕ(v) = ϕ(y) = z, we deduce that
and estimate MD(ϕ, y)(π(v) − π(y)). Note that |u v,y | = |v − y|. Relation (2.1) and the fact that MD(ϕ, y)(u) is a Lipschitz mapping on S n−1 [13, 17] imply that
From the last relation and from (2.5) we infer
Finally,
The so-obtained contradiction with the assumption on r of item IV shows that the lower limit (2.2) is strictly positive. Thus, π is a bi-Lipschitz mapping. Hence, the restriction of the mapping ψ on the compact set π(ϕ −1 (z) ∩ B(x, ρ)) is also bi-Lipschitz. The balls {B(x, ρ): 
Thus, the level set ϕ −1 (z) ∩ E is a subset of some finite union of the images of measurable sets in R n−k under Lipschitz mappings. In particular, it is an H n−k -rectifiable set. The theorem follows. 2
Proof of Theorem 1.2 (The case
We may assume without loss of generality that E is compact. Show that, for ε > 0, there exists a measurable set E ε , H n (E ε ) < ε, such that E \ (E ε ∪ Z) is a compact set and conditions (1)-(6) of Theorem 2.3 hold on E \ (E ε ∪ Z).
In view of the properties of measurable sets and Egorov's theorem, for each ε > 0 and the bounded measurable set E, there exists a compact set
, on which conditions (2) , (3) and (5) Show that each r m n (x), n ∈ N, is measurable on E. Fix n ∈ N and consider a Lebesgue set E a = {x ∈ E: r m n (x) < a}. If a > 1/n then E a = E, and if a < 0 then E a = ∅. For 0 a 1/n, it is easy to see in view of compactness of E that 
are measurable. Applying Egorov's theorem once again, we remove the set of measure not exceeding 
Applying arguments similar to those in (2.1), we have condition (4).
III.
To obtain condition (6), consider functions
u m ∈ U . Show that they are measurable. Indeed, we may assume without loss of generality that E is a closed set. Note that f m n is measurable if and only if each function Since almost every point x ∈ E is its linear density point in each direction u m ∈ U [8] , then, without loss of generality, we can suppose that the set C ε enjoys property (1) .
. By the choice of K ε , D ε and C ε , the measure of E ε is at most ε. Then, for all z ∈ X, the preimage 
Sets which do not influence the values of integrals
Hereinafter, by E we denote the part of the set E satisfying the conditions of Theorem 2.3. [12, 15] .) Suppose that E ⊂ R n is a measurable set, (X, d X ) is a metric space, and ϕ : E → X is a mapping m-differentiable at a point x ∈ E with dim ker(MD(ϕ, x)) = n − k. Define
Definition 3.1. (See
,
Recall that, throughout the paper, the zero set of the m-coarea factor is denoted by Z, i.e.,
Denote by B(X) the family of all Borel subsets of X.
Theorem 3.2. (See [8].) The Hausdorff measure H k is a regular outer Borel measure, i.e., for each set A ⊂ X, there exists B ∈ B(X) such that B ⊃ A and H k (B) = H k (A).

Lemma 3.3. (See [13].) Suppose that E ⊂ R n is a measurable set, (X, d X ) is a metric space, and
Definition 3.4. Let E ⊂ R n be a measurable set and let X be a metric space. The mapping
Definition 3.6. (See [15] .) Let E ⊂ R n be a measurable set and let u 1 , . . . , u k , k n, be a set of linearly independent vectors in R n . Put
where
In the case of k = 1, we take L = span{u 1 } ∩ B(0, 1) and say that x is a linear density point in the direction u 1 .
In what follows, we denote by L the countable dense set on S n−1 of k-dimensional directions. Henceforth, we assume that every point [15] .) Let E ⊂ R n be a measurable set and let (X, d X ) be a metric space. Then the preimage of a set of H k -measure zero under a Lipschitz mapping ϕ : E → X with dim ker(MD(ϕ, x)) = n − k almost everywhere, is the set of H n -measure zero.
Lemma 3.7. (See
, and E ⊂ Y is such that H n (E) = 0. Then the mapping ϕ meets the following equality:
Proof. It is known [5, 8] 
Involving the fact that H n (E) = 0 and estimating the exterior integrals, we obtain
Hence,
is a metric space, and ϕ ∈ Lip(E, X). Suppose that there exists a measurable set Z ⊂ Z such that the equality
and, consequently,
is a metric space, and ϕ ∈ Lip(E, X). Suppose that the coarea formula
holds for the degeneration set Z. Then there exists a measurable set Z ⊂ Z such that the equality
Remark 3.11. Using Lemmas 3.9 and 3.10, we see that the set Z can be decomposed into two disjoint measurable sets: one of them does not influence the integral on the right-hand side of the coarea formula and the H k -measure of the image of the second equals zero if and only if the coarea formula holds for this set. 
The coarea formula and the structure of the image
The goal of this section is to prove the following result. 
Note that, the detailed proof of Theorem 4.1 is given in [15] . Here we give a scheme of its proof. The main idea is to split E up to a set of arbitrary small measure into measurable subsets so that the image of each subset is equal to the one of some k-dimensional measurable set in R k , i.e., it is H k -rectifiable. To obtain the existence of such partition, we use Lemmas 4.6, 4.7 and 4.11. To prove Lemma 4.6, we need Lemmas 4.2, 4.4 and 4.5. Lemma 4.10 is used in the proof of Lemma 4.11.
Lemma 4.2.
Let E ⊂ R n be a measurable set and let (X, d X ) be a metric space. If ϕ : E → X is a Lipschitz mapping with dim ker(MD(ϕ, x)) = n − k almost everywhere, then the preimage of a measurable set is measurable.
Proof. Let G ⊂ X be a measurable set. Then G can be represented as G = G B \ S, where H k (S) = 0 and G B is a Borel set. As ϕ is a Lipschitz mapping and, consequently, is continuous, the preimage ϕ −1 (G B ) is also a Borel set. By Lemma 3.7, we have H n (ϕ −1 (S)) = 0. Thus, the preimage of a measurable set is measurable. 
Lemma 4.4.
Suppose that E is a measurable set in R n , X is a metric space, and a mapping
Proof. By item II and the arguments of item IV of Theorem 2.3, we conclude that, for every point x ∈ E, there exists r( (MD(ϕ, x) )) ⊥ and v 2 ∈ ker(MD(ϕ, y)), and the relations
and MD(ϕ, y)(v) c(x) hold for all y ∈ Q(x, r(x)) ∩ E and v ∈ (ker (MD(ϕ, y) MD(ϕ, x) )) ⊥ . Next, every u ∈ S n−1 can be represented uniquely as u = α 1 v 1 + α 2 v 2 , where 0 α 1 , α 2 1, v 1 ∈ (ker (MD(ϕ, x) )) ⊥ , v 2 ∈ ker (MD(ϕ, x) ), |v 1 | = |v 2 | = 1. Fix ε ∈ (0, 1). Let δ > 0 be such that, for all x, y ∈ E, |x − y| < δ, u ∈ S n−1 , we have
On the one hand, from the equality Suppose that E ⊂ R n is a measurable set, (X, d X ) is a metric space, and ϕ ∈ Lip(E, X) is such that dim ker(MD(ϕ, x)) = n − k almost everywhere. Assume that the coarea formula
holds for any measurable subset A ⊂ E. Then, for each E ⊂ E, there exists m 0 ∈ N such that the function
is measurable on E for every m m 0 , m ∈ N. Here the faces of the cube Q(x, 1/m) are either parallel or orthogonal to ker(MD(ϕ, x)).
Proof. I.
From the validity of the coarea formula (4.1) it follows that the function
is measurable on X for every measurable subset
is also measurable, since ϕ is a Lipschitz mapping, dim ker(MD(ϕ, x)) = n − k, and, hence, Lemma 4.2 implies the measurability of the preimage ϕ −1 (G) for every measurable G ⊂ X. Fix E ⊂ E. Applying arguments similar to those in the proof of the Preimage-of-a-Point Theorem (see 1.2), we can find a sequence {D i } i∈N of compact subsets of E meeting the conditions of 
is measurable for every fixed j = 1, . . . , M. 
Here the faces of Q(y j,l , 1/m) are either parallel or orthogonal to ker (MD(ϕ, y j,l ) ). By choice of m ∈ N, all the Q j,l 's belong to one of the cubes of the finite covering constructed in Lemma 4.4. Then the functions Φ m (y) and Ψ q,m (y) are finite, and ϕ(y) ). Moreover, we have 
Lemma 4.7.
Suppose that E ⊂ R n is a measurable set, (X, d X ) is a metric space, and ϕ ∈ Lip(E, X) is such that dim ker(MD(ϕ, x)) n − k almost everywhere. Then
where y, v ∈ Q(x, r) ∩ E, o(·) depends on r > 0 small enough, and it is uniform in x ∈ E. Here the faces of the cube Q(x, r) are either parallel or orthogonal to ker(MD(ϕ, x)).
Proof. Show that if y, v → x, where y, v, x ∈ E and ϕ(y) = ϕ(v) = ϕ(x)
, then the quantity |y − v| on this level set is uniformly close to the distance between their orthogonal projections onto ker (MD(ϕ, x) ). This is equivalent to the following: for each ε ∈ (0, 1), there exists r > 0 such that (1 + ε) 2 ,
It follows that MD(ϕ, x)(
< c, which contradicts the fact that MD(ϕ,x) ))
MD(ϕ, x)(u)| (ker(MD(ϕ,x))) ⊥ ∩S
where y, v ∈ Q(x, r) ∩ E, r → 0, and o(·) is uniform in x ∈ E. Here the faces of the cube Q(x, r) are either parallel or orthogonal to ker (MD(ϕ, x) ). 
), where Q(x, r) is a cube whose faces are either parallel or orthogonal to ker(MD(ϕ, x)), and Q n−k (x, r) is an (n − k)-dimensional cube of radius r with center at x.
Proof. In view of Theorem 2.3, the set ϕ −1 (z) ∩ E satisfies the conditions of Theorem 4.9. From now on, in this proof, we will understand ϕ −1 (z) as a subset of E. Consider the level set ϕ −1 (z) and a point x ∈ ϕ −1 (z) such that (4.2) holds, and fix ε > 0. Applying Lemma 4.7 and (4.2), consider r > 0 such that
where π is the mapping of Theorem 2.3, and
Let Q(x, r/ √ n ) be an n-dimensional cube of radius r/ √ n whose faces are parallel or orthogonal to ker (MD(ϕ, x) ). We have Q(x, r/ √ n ) ⊂ B(x, r). Estimate the quantity
Using (4.3), we infer
Furthermore,
Hence, from (4.4), (4.3) and (4.5) we have
and
where ε → 0 as r → 0. Letting r tend to 0, the lemma follows. 2
Lemma 4.11. Suppose that E ⊂ R n is a measurable set, (X, d X ) is a metric space, and ϕ ∈ Lip(E, X) is such that dim ker(MD(ϕ, x)) n − k almost everywhere. Assume that the coarea formula holds for every measurable subset
A ⊂ E. Then, for each ε > 0, there exists a measurable set Σ E ⊂ E such that H n (Σ E ) < ε and
for every x ∈ E \ Σ E as r → 0 and o(1) is uniform on E \ Σ E . Here the faces of the cube Q(x, r) are either parallel or orthogonal to ker (MD(ϕ, x) ).
Proof. Consider the measurable functions
Then the functions Φ 0 (x) = lim m→∞ Φ m (x) and Φ 0 (x) = lim m→∞ Φ m (x) are also measurable. Hence, the sets
and {x ∈ D: Φ(x) = 1} are measurable. Since ϕ −1 (z) ∩ E is H n−k -rectifiable set and
Hence, H n (E \ D) = 0 by the coarea formula, and, Φ m (x) → 1 on E almost everywhere. Using Egorov's theorem, remove some set Σ E of measure not exceeding ε such that the functions Φ m converge uniformly to the unity on the complement of Σ E . Thus, for each ε > 0, there exists m 0 ∈ N such that |Φ m (x) − 1| < ε for all m ∈ N, m m 0 , and x ∈ E \ Σ E . Hence,
Remark 4.12. Consider a point x ∈ E, the level set ϕ −1 (ϕ(x)) ∩ E, and a cube Q(x, r) with faces parallel or orthogonal to ker (MD(ϕ, x) ).
. Consider a cube Q(y, r), where the point y is obtained from the point x by adding a vector of (ker (MD(ϕ, x) )) ⊥ . If |x − y| < r − |o(r)| then, by Lemma 4.7, we have
The m-coarea factor and the structure of the image
In this section, we consider item 5 of Theorem 1.3. In proofs of the main results of this section, we use Lemmas 5.1-5.3. [17] .) Let · be a norm on R n . Then
Lemma 5.2. (See
for all measurable sets A ⊂ R n , where
In the following lemma, E U ⊂ E ⊂ R n stands for the set consisting of linear density points of E in all directions u ∈ U . We remark [8] that H n (E U ) = H n (E).
Lemma 5.3 (The Tangent Mapping Lemma [13]). Assume that E ⊂ R n and E ⊂ E are measurable sets, (X, d X ) is a metric space, and ϕ ∈ Lip(E, X). Suppose that MD(ϕ, x)(u)
Theorem 5.4. Let E ⊂ R n be a measurable set, let (X, d X ) be a metric space, and let ϕ ∈ Lip(E, X). Suppose that the equality
The open balls {B(x, r): x ∈ K, 0 < r r(x, ε 0 ) < diam(K)} form an open covering of the compact set K. Note that, by choice of the balls, we have
where ν l corresponds to x l , and
Next, at ε < ε 0 , ε → 0, we may assume without loss of generality, that we choose from {B(x, r): x ∈ K, 0 < r r(x, ε) < diam(K)} only the balls which are contained in B 0 . From here we have 
and representing E as E = m∈N (E ∩ B(0, m) ), from Theorem 5.4 with E \ Σ ε instead of E, we obtain Theorem 5.5. Theorem 5.6. Assume that E ⊂ R n is a measurable set, (X, d X ) is a metric space and ϕ ∈ Lip(E, X). Suppose that for each intersection E ∩ B(0, s), s ∈ R, and each ε > 0, there exists a measurable set Σ ε ⊂ E ∩ B(0, s) and a collection of compact sets {K i } i∈N such that 3) where
and the equality
and an image of a set of measure zero. 
. Next, choose a sequence
Thus, we have
everywhere on E ij ∩ B(0, s) for all j ∈ N. From here and from Theorems 5.4 and 5.5 we obtain the existence of a set Σ ⊂ E of H n -measure zero and the H k -rectifiability of ϕ(E \(Σ ∪Z)). 2
Lemma 5.7.
Assume that E ⊂ R n and A ⊂ R k are measurable sets, K ⊂ E is a compact set, and X is a metric space such that
Using the Kirszbraun Extension Theorem, extend the mapping α −1 • ϕ to a C 1 -mapping defined on R n . Denote this extension by ψ . The mapping α −1 • ϕ| B k,ν (r) is bi-Lipschitz if r > 0 is small enough. Since the partial derivatives of ψ coincide H k -almost everywhere on B k,ν (r) ∩ E with those of α −1 • ϕ and these partial derivatives are uniformly continuous on the compact set B k,ν (r) if r > 0 is sufficiently small, the restriction ψ| B k,ν (r) is bi-Lipschitz.
Recall that ψ is defined on R n . From Lemma 5.2 it follows that
for every measurable D ⊂ B k,ν (r). By Lemma 5.3, we have
is considered with respect to the metric defined by the norm MD(ψ| x+L ν , x) on R k ). Hence,
where o(r) → 0 as r → 0. Therefore, x, r) ) .
It is left to prove that H k (ψ(B k,ν (r)) can be replaced by H k (ψ(B(x, r)).
Next, the image of the boundary of a k-dimensional sphere under ψ is the boundary of the image. Show that ∂ (ψ(B(x, r)) ) is a subset of (o(r) + rδ(x, ν))-neighborhood of ∂ (ψ(B k,ν (x, r)) ).
Note that, ψ( (x)(B k,ν (0, r) )), and k,ν (x, r)) ). The same is true for B(x, r). Thus, it is sufficient to show that ∂ (Dψ(x)(B(0, r)) ) is a subset of rδ(x, ν)-neighborhood of ∂ (Dψ(x)(B k,ν (0, r)) ). Here o(r) → 0 as r → 0 and δ(x, ν) → 0 as ν → ∞.
Since every unit vector u ∈ S n−1 can be uniquely represented as u = α 1 v 1 + α 2 v 2 , where 0 α 1 , α 2 
Thus, we have that, for each u ∈ S n−1 , there exists v 1 ∈ (ker (MD(ψ, x) (MD(ψ, x) )) ⊥ )). In particular, every unit vector u ∈ L ν can be uniquely represented this way. Note that, α 2 → 0 and α 1 → 1 as ν → ∞, and
From here we have that ∂(ψ(B(x, r))) is a subset of (o(r)
as r → 0. Passage to the limit as ν → ∞ yields the lemma:
in view of the inclusion
and relation (5.4). 
and the equality
Proof. Fix s ∈ R. Below we assume without loss of generality that E ⊂ B(0, s). The proof of Theorem 1.2 and [15] imply that there exists a compact subset E ⊂ E satisfying the conditions of Theorem 2.3 with H n ((E \ Z) \ E) < ε, in particular, dim ker(MD(ϕ, x)) n − k almost everywhere. Put Σ ε = (E \ Z) \ E. By Lemma 3.7, we may assume that Σ ⊂ E \ E. From the definition of an H k -rectifiable metric space and Lemma 3.7 it follows that we can suppose that X = α(A), where A ⊂ R k is a compact set, and α : A → X is a continuously m-differentiable bi-Lipschitz mapping. Moreover, we may assume that E is such that α −1 • ϕ is a continuously differentiable mapping, and
is a norm on R k , and by Lemma 5.2
Consider the set A U (see the definition in the beginning of the section). Note that [8] ,
Since α possesses the N -property, then the set A \ A U does not influence the result of (5.7) (see below), and we may assume without loss of generality that Thus, we have proved the following equivalences:
Coarea formula as a countably additive set function
Suppose that E ⊂ R n is a measurable set, (X, d X ) is a metric space, and ϕ ∈ Lip(E, X) is such that dim ker(MD(ϕ, x)) n − k almost everywhere.
Consider some set E ⊂ E and the set function Φ defined on Borel sets in R n as follows:
It follows from Lemma 3.8 that Φ is absolutely continuous. Show that Φ is countably additive. Indeed, let A 1 and A 2 be disjoint Borel sets in R n . Then
For a disjoint collection {A m } m∈N of Borel sets, the equality Φ( m∈N A m ) = m∈N Φ(A m ) follows from (6.2) and B. Levi's theorem. Hence (see, for example [30] ), Φ is differentiable almost everywhere, i.e., the limit
where Q δ is an arbitrary cube of radius δ, exists almost everywhere. 
converge to unity. Then the coarea formula holds for every measurable set A ⊂ E \ Z if and only if
Proof. Assume that H n (E \ D E ) = 0 for every E ⊂ E. By Lemma 3.8, for proving the validity of the coarea formula, it suffices to consider the case of a compact set A. It is known that if A ⊂ R n is measurable and H n (A) < ∞ then the function
is H k -measurable on X (see [8, 2.10.26] ). Then, repeating the arguments of Lemma 4.6, we conclude that the functions Φ m (x), x ∈ E, are measurable for all m ∈ N greater than some m 0 ∈ N. Assume that D E ⊂ E is the set on which Φ m → 1 (it is measurable, see Lemma 4.11),
is an arbitrary compact set, and Q(x, r) is an n-dimensional cube meeting the conditions of Theorem 4.1. We can suppose without loss of generality that D l ⊂ D l+1 for all l ∈ N.
Let us show that
Repeating the arguments of item II in the proof of Theorem 6.22 in [15] , we infer
has k-dimensional density 1 at the point x, the values Φ m (y) are uniformly close to the unity for all y ∈ Q k,ν (x, r), and H n (Q ε ) < εH n (Q(x, r)), where ε → 0 as r → 0 and ν → ∞. Moreover,
and, by Lemma 3.8,
i.e., in this case, the coarea formula also holds. Moreover, by the definition of D E , we have
Representing E as at most countable union of E's and a set of measure zero, and applying B. Levi's theorem, we see that, the coarea formula holds for
The necessity of this condition is obvious from the coarea formula. 
Theorem 6.3. Assume that E ⊂ R n is a measurable set, (X, d X ) is a metric space, the mapping ϕ ∈ Lip(E, X) is such that dim ker(MD(ϕ, x)) n − k almost everywhere, and ϕ(E) ⊂ X is H k -σ -finite. Then the coarea formula holds.
Proof. I. Prove that dim ker(MD(ϕ, x)) = n − k almost everywhere. Indeed, we have
By Corollary 4.3, J k+1 (MD(ϕ, x)) = 0 almost everywhere. It means that dim ker MD(ϕ, x) n − k almost everywhere, and, by hypothesis, we have dim ker(MD(ϕ, x)) = n − k almost everywhere.
II. Denote by
Recall that H n−k (Σ E ∩ ϕ −1 (z)) = 0 for all z ∈ X. Fix x ∈ Σ E and a cube Q(x, r) whose faces are parallel or orthogonal to ker (MD(ϕ, x) ). We may assume without loss of generality that x = 0 and ker(MD(ϕ, 0)) = span{e k+1 , . . . , e n }. Define a mapping ψ : E ∩ Q(0, r) → X × R n−k and a metric d on ψ(E ∩ Q(0, r)) as follows:
Denote by y = (y k , y n−k ) where y k ∈ R k and y n−k ∈ R n−k . We shall show that ψ is biLipschitz with respect to the metric d. It is easy to see that , y) ) ∩ S n−1 is a subset of an ε-neighborhood of ker(MD(ϕ, w)) ∩ S n−1 if |y − w| < δ. Note that, the same is true for (ker (MD(ϕ, y) )) ⊥ ∩ S n−1 and (ker (MD(ϕ, w) )) ⊥ ∩ S n−1 .
Fix ε > 0, such that 3ε-neighborhoods of ker(MD(ϕ, w)) ∩ S n−1 and of (ker (MD(ϕ, w) )) ⊥ ∩ S n−1 do not intersect for each w. Take 
Generalizations and applications
The next lemma is used in the proof of the area formula for mappings of level sets (see below). (B j,ν ) for some j ∈ N and each β j is bi-Lipschitz, m-differentiable everywhere on B j,ν , and MD(β j , y)(u) = 0 for all y ∈ B j,ν and u ∈ S n−1 , j, ν ∈ N. Define a set function Φ on Borel subsets of S as
Φ(A) = H n−k β m (A ∩ S) .
Note that, it is countably additive and absolutely continuous. Moreover, the measure H n−k on S is doubling locally. Thus, to prove the area formula (7. 
